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GD dominates ridge

GD is incomparable with SGD
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“dominance”: always no worse, sometimes much better

SGD is  
(nearly) optimal

fast continuously decaying spectrum

GD dominates SGD

Gaussian linear regression

GD dominates ridge  
but is incomparable with SGD

power law class

benign overfitting

ridge is optimal

task. ,     for  x ∼ 𝖭(0, Σ) y = x⊤w* + 𝖭(0, 1) ∥w*∥Σ ≲ 1
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[Tsigler & Bartlett, 2023]  
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Corollary  

For every Gaussian linear regression, , and , there is  such 
that: w.h.p. 
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Power law class
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w0 = 0 η0 = η N = n / log n
i = 1,…, n

ηi = {0.1ηi−1 if i % N = 0
ηi−1 else
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[Wu*, Zou*, Braverman, Gu, Kakade, 2022] 

For all , in expectation 

 

effective steps                         

critical index                            

effective dimension               

0 < η ≲ 1/𝗍𝗋(Σ)

𝔼R(w𝗌𝗀𝖽
η ) ≂

n

∏
i=1

(I − ηiΣ)w*
2

Σ

+
D
N

N = n / log n

k* := min { 1
ηN

≥ cλk+1}
D = k* + η2N2 ∑

i>k*

λ2
i
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. For a sequence of -dim problems 
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Assumption  
Spectrum decays fast and continuously: 
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Corollary  

For every Gaussian linear regression satisfying the above, , and 
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risk.

ridge.

gradient descent. stochastic gradient descent.

Prior results GD dominates SGD in a significant subset
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benign overfitting index        
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SGD

GD
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GD is always optimal

ridge is  
polynomially 
suboptimal

SGD is 
polynomially  
suboptimal

hyperparameter: λ ≥ 0

hyperparameter: t ≥ 0 hyperparameter: 
0 < η ≲ 1/𝗍𝗋(Σ)

problem determined  
by (Σ, w*)


