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Background

Dataset y,€ {1}, x, eR% i=1,..

~ 1 <
Empirical risk Lw)=— Z ln(l + eXp(—yl-xiTw))
g

Gradient descent w, | = w, — nVZ(wt), wy =0

Asymptotic implicit bias

max-margin direction w = arg max min yl-xl-Tw
wll=1 i
[Soudry et al, 2018; Ji & Telgarsky, 2018]
If n = 0O(l), thenast — oo, ®
Wi -
Wil = o0 >
[[wil

max-margin is not the full story

Ln, d>n

overparameterization
=> linear separability

Benefits of Early Stopping in Gradient Descent
for Overparameterized Logistic Regression
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Data model

[allow rank(X), |[w*|| = oo]

Vv
[Population distribution] For tr(X) < 1 and [|[w*||y S 1,

x~WN0,Z) Pr(y=1]|x)= s(xTw*)‘\

Logistic risk L(w) = [Eln(l + exp(—yxTw)>

Zero-onerisk  Z(w) = Pr(yx'w < 0)

sigmoid,

Calibration risk C(w) = [E | s(xTw) — Pr(y = 1|x) |2

[Consistency & calibration] An estimator w, is

- logistic or 0-1 consistent if L(w,) — min L or Z(w,) — min Z

. calibrated if C(w,) = 0
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[Simulations] d = 2000, n = 1000, X,, =i~ W(>)k:100 =1, WIKOO:d =0
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Early-stopped GD

~il

. Z(w) —min Z < 24/C(w) < \/5\/L(w) —min L

eminL 2 landminZ 2> 1 {@(1) noise => overﬁtting]

[Basic facts] logistic consistent => calibration
=> Zero-one consistent
« w¥ minimizes L, Z, and C V /

Risk bounds

[Theorem] Let # S 1 so GD is stable. Pick a stopping time ¢

[t(w*, s, kn)]> L(w) < L(w#) < L(w,_)

“best” rank-k projection]

Then with high probability

\'4
- wiE ||
L(w)—minL < 0(1)\/” Gl +llw I3
N .
A A

»
[Examples] (rates are improvable) [0(1) for k, 1 ] o(1) since k, 1

and [[w|ly S 1

N

« Finite norm: [|[w*|| <1 N
L(w) —min L < O(n='?)
. Power laws: 4; = i~ 2, (w*)* =i a,b > 1

On=" b>a+1

Lw)—mmL<<
Oma+r-1) b<a+1

GD passes through w*
but eventually diverges from it

Key ideas

[Lemma (known)] For all convex-smooth Z and small , we have

Iw, —ull*  ~ A e |?
+ L(w,) < L(u) +

Yu,t,
2nt 2nt

f/\ N N ( )
(L) < L(uw) < L(Wz‘—l)j ﬂ L(w,) < L(u)
Wiy = ull < [full

[(Iocal) Rademacher complexityj h L )
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Interpolating estimators

Issue of divergent norm

[Theorem] For all (w,), o such that

-
apply to GD when
overparameterized

v,

exists

lim [|w,|| = 00, lim
Wil

we have [ inconsistent ] [ poorly calibrated ]

v V
Liw.) =00, Clw,) 21

Issue of interpolation

Theorem] Assume that ||w*||s = 1 and Z?w* is k-sparse. If

f

l
\

min y;x;' W > Ol nzklnk, rank(X)~=~nlnn

then for every interpolator w, with high probability

Z(w)—minZ 2
A vVInn

~

[poly(l/ n) for early stopping in “simple problems”

J

Early stopping and l>-regularization

u, = ar min/l:u + —||ul|?
2 g (u) 2/1|I |

[Theorem] For all convex-smooth L, smalln, and all t > 0,

1
W, = ]| < —zllwtll for A = nt

~N

i global, but relative
<3415

v

7 [l
Asaresult: Z(w,uy)) <—, 0.585 <
4 [

| Theorem] For logistic regression

~N

» If rank{support vectors} = rank{data}, then | |lw/, ||| = oo

[/1 +* m]> A1) = o0, |w,—u| =0

v

. Fordataset x; = (¥,0), x, = (¥, 15), ¥y = ¥, = 1, with
0 <y, <y <1, which violates the above condition, we have

VAD, lw;—wll 2 Inln [lw]| = oo




