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Linear regression

An abstract model

Pretraining => -dim linear fittingd2

Near Bayes optimality

Task complexity

1. task parameter: 


2. covariate-response: 


3. context examples: each row of  ~iid~ 

β ∼ 𝒩(0, ψ2Id)

x ∼ 𝒩(0, H ), y ∼ 𝒩(β⊤x, σ2)

(X, Y ) (x⊤, y)

X ∈ ℝ*×d, Y ∈ ℝ*, x ∈ ℝd, y ∈ ℝ

 are fixed (determining the meta-task) 

context length * can vary

(ψ2, σ2, H )

 
f : ℝ*×d ⊗ ℝ* ⊗ ℝd → ℝ

(X, Y, x) ↦ ̂y

Example 2. Single layer attention


, 





 are trainable matrix params

Z = (X⊤ x
Y⊤ 0) ∈ ℝ(d+1)×(n+1)

̂y = (Z + VZ ⋅ 𝚜𝚏𝚖𝚡((QZ )⊤(KZ )))d+1,n+1

V, Q, K

Example 0. Empirical risk minimizer (ERM) 





zero trainable parameter

̂y := h*(x), h* := arg min
h∈ℋ

∥h(X) − Y∥2

Example 1. Transformer

many trainable params

ICL risk at context length  is 

, where 

n

Rn( f ) = 𝔼X,Y,x,y(f(X, Y, x) − y)2 𝚍𝚒𝚖(Y ) = n

Examples

Simplification 1. Linear attention

Z = (X⊤ x
Y⊤ 0) ∈ ℝ(d+1)×(n+1)̂y = (Z + VZ ⋅

(QZ )⊤(KZ )
n )

d+1,n+1

equals to ̂y = ⟨(vW⊤) ⋅
X⊤Y

n
, x⟩

if the bottom left  blocks in  and  are zeros: 


 and 

1 × d V QK⊤

V = ( * *
0 v ) QK⊤ = (W *

0 * )
one-step GD with  and trainable matrix stepsize 

, 

w0 = 0

̂y = ⟨ŵ, x⟩ ŵ := w0 − Γ
1
n

X⊤(Xw0 − Y ) = Γ
X⊤Y

n

For a model , its average risk (conditional on ) at length  is


, where 

f X M

RM( f; X) = 𝔼Y,x,y(f(X, Y, x) − y)2 𝚍𝚒𝚖(Y ) = M

Proposition. Tuned ridge is Bayesian optimal





Moreover, if , then the average risk (w.h.p.) is 


, where 

̂y = ⟨(X⊤X + σ2/ψ2I )−1X⊤Y, x⟩
ψ2𝚝𝚛(H ) ≲ σ2

RM(𝚛𝚒𝚍𝚐𝚎; X) − σ2 ≂ ψ2 ⋅ ∑
i

min{λi, μM} μM ≂
σ2/ψ2

M

Theorem 2. If , then the average risk at length  is 





where , .

ψ2𝚝𝚛(H ) ≲ σ2 M

𝔼RM( f; X) − σ2 ≂ ψ2 ⋅ ∑
i

min{λi, μM}

+ψ2(μM − μN)2 ⋅ ∑
i

min { λi

μ2
N

,
1
λi } ⋅ min { λi

μM
,1}

μM ≂
σ2/ψ2

M
μN ≂

σ2/ψ2

N

🍓 ->fruit


🍆 ->vegetable


🧋 ->? 

🧋 ->beverage

“solve” new task without updating model

three-layer transformer

Simplification 2. Reparameterization

replace by Γ ∈ ℝd×d

Simplification 3. Pretraining with fixed context length n = N
for :


1. draw new dataset:  


2. update:  

t = 1,…, T

X ∈ ℝN×d, Y ∈ ℝN, x ∈ ℝd, y ∈ ℝ

Γ ← Γ − γ∇Γ( ̂y − y)2

, where RN(Γ) = 𝔼X,Y,x,y( ̂y − y)2 𝚍𝚒𝚖(Y ) = N ̂y = ⟨Γ
X⊤Y

N
, x⟩

linearly fit  with a matrix parameter ( X⊤Y
N

⊗ x, y) Γ ∈ ℝd×d

γ

0.1γ
0.01γ

T/log(T) Steps

• 


• 


• ,    

Γ* = ( N + 1
N

H +
𝚝𝚛(H ) + σ2/ψ2

N
I)

−1

≂ (H +
1
N

I)
−1

H̃ = ψ2 ⋅ H( N + 1
N

H +
𝚝𝚛(H ) + σ2/ψ2

N
I) ≂ ψ2H(H +

1
N

I)
T𝚎𝚏𝚏 = T/log(T ) D𝚎𝚏𝚏 = ∑

1≤i, j≤d

min {1, γ2T2
𝚎𝚏𝚏λ2

i λ̃2
j }

Theorem 1. For  steps of pretraining, we have 
T

𝔼RN(ΓT) − min RN ≲ ⟨HH̃, (
T

∏
t=1

(I − γtHH̃ )Γ*)
2

⟩ + (ψ2𝚝𝚛(H ) + σ2) ⋅
D𝚎𝚏𝚏

T𝚎𝚏𝚏

 and  are 

eigenvalues of  and 

λi λ̃j

H H̃

opt ridge risk

small when M ≈ N
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Contributions 
• statistical task complexity of pretraining

• optimality of ICL achieved by an attention model

• techniques for analyzing high-order tensors


Open problems 
• varying context length?

• non-linearities?

̂y = ⟨Γ*
X⊤Y

N
, x⟩

SPOTLIGHT


