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Linear Regression Problems

A Problem Instance

2 ol
e Label:y = (W* X)+ & e ||v|l5 := v Hy,
° HOk .= d|ag(/11, ,/1](,0,)

. Noise: E[£] =0, E[*] =02, &L X

relaxed|

° HkOO .= d|ag(0 ..... O’}“k-l-l’lk-l-Z’ )
. Data: E[xx'] = H = diag(A, 4, ...), 4, >4, > ... >0

+ Risk: Ly(W) := E(y — (W, X))*

. Goal: Minimizing ExcessRisk(W) := L;(W) — Ly(w*) = ||lw — w*||4

o Information: (X, y{)-*+, (Xy, Vn) € | 4 j.i.d.



Data Distributions

Assumption [The fourth-order moment tensor]

» For every PSD matrix A, E[xx' Axx'] < a - Tr(HA) - H for some constant a.

» For every PSD matrix A, E[xx' Axx']| > /- Tr(HA) - H for some constant p.

Remark

1. Assumption holds for every distributions, e.g., for
x ~ (0, H),wecanseta = 3 and f = 2.

2. Assumption only needs to hold for /A that commutes with H.



Constant-Stepsize SGD with Iterate-A:veraging

\ L

W, =W,_,+7-,—(W,_, X)X, output := 5 W,
=0

IBM 2013] Remarks

1. Minimax optimal when d < N

- [ExcessRisk]| <

2. Variance bound scales with d

[JNKKS 2018] 3. ¢,-norm or condition number implicitly
depends on d

- [ExcessRisk]| <
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An Upper Bound: Dimension-Free

For every N, every y < 1/(2aTr(H)) and every k*, we have

2
W — W*HH(;}C* 2
§ ] < - _ wk
[ExcessRisk] < N2 + |lwo—w HHk*m""
k* 4+ y°N* Y Iwo — wHlf .
> l 62 + o 0:k 2

N | yIN




A Lower Bound: Instance-Wisely Tight

For every sufficiently large N and every y < 1/4,, we have

2
HW() _ W*HHa.l*

- _ > :k | k|12
| ExcessRisk]| 2 2N (W — W HHk*m‘l'
2
k™ + 72N2 Zi>k* /112 0 HWO N W*Hlo'k* 2
No?+p — + [[wy — W¥[|5
N }/N 0:k"

1
Here k* issuchthat A, > ... > 1. > Y > M) = .-
/

Algorithm



A Dimension-Free Bound

Ours [BM 201 3]
_ wk|l2 p)
Wy — W HH&}C* 2 Wy — W[5
Iy — W[ —
y°N * YN
“Dimension” k* + y*N? Z /11-2 d
1>k
HW() — W*H% .
o2+ a o llwg — W 52

yIN

Even when d > N, SGD can generalize if the spectrum decays fast



Examples

Suppose that |[|w, — w*|, < O(1), 6> < O0(1),and y = 1/2aTr(H)):

o for A, = iUt r > 0, E[ExcessRisk] < O (N_’"/(”’”));

. for ;= i"'log™(i + 1), s > 1, E[ExcessRisk] < O (log™*(N));

« For/;, = e, E[ExcessRisk] < 0 (log(N)/N).

Even when d > N, SGD can generalize if the spectrum decays fast
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The Benign-Overfitting Phenomenon
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Conjecture: benign overfitting for SGD happens when
A =1"log™ () forr=1ands > 1

Evidence: This is true for Ordinary Least Square [BLLT 2020]
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Constant Step5|ze SGD with Tail- Averaglng

4 7
G

PRE
M output = N W,
(=N/2
\ For every N, every y < 1/(2aTr(H)) and every k™, we have
A = )R (W — WOl
- [ExcessRisk] < N2 — + || — yH)M*(w,, — W*)H%Ik*m'l'
2272 2 ;
k* Y N zi>k>x< /li 0 HWO B W*HIO:k* %12

-lo“+ IHWO_WHH.*

N ]/N 0:k

Open Problem:

In particular, k* could be suchthat 4, > ... > 1. > 2 > sy > tight or not?
i



Ridge Regression vs. SGD

* Ridge

N—1
output:= arg min E X/ w —y|I5+1 - [|wll5
=0

— (X"X+/1,)" XTy

Algorithmic, tunable
hyperparameters |

 SGD (tail-averaging + zero initialization) I L_ﬁ

vy < 1/QaTr(H))



Ridge Regression

TB 2020, ZWBGFK 2021] Suppose the data distribution is symmetric. For every sufficiently large N
and every A, we have

(/1 T Z % /Ii)z
— . > 1>k . (12 w112
[ExcessRisk]| > N |w HH&}(* + ||w ||Hk*:00+

6
k* + D i) —
(4 + Zl o i)

1> k™

Here k* is suchthat A, > ... > /,. > > Al = -

|

Algorithm




Algorithm-Dependent Effective Dimension

SGD (tail-averaging,

Ridge Regularization [TB 2020]

zero initialization)

10— )M 2w 13 A+ Qs e ) , )
- 0k . N/2 2 W>I< -+ W>I<
Bias N A = yH) ™ W Iy, N2 | HHO}C* Wl
2AT2 2
“Dimension” K=+ 1N Z 4 K (1 + Z 1)2 Z A
>k 1> k* 1>k*
Noi y |Wo — W Hl&k* 2 ,
oise  [CEEEY N Fllwo — W¥llig, . Y
. | A+ Y A
YN N

Ridge with large A corresponds to SGD with small y



Implicit vs. Explicit Regularization

Consider “well-tuned” SGD (tail-averaging) and Ridge, and a class of Gaussian least square
problems

cg — {W*,H,U2 X XN./V(O, H),y=XTW*+59 éN*/V(Oa 62)}

o For , we have —[ExcessRiskSgd] < -[ExcessRiskridge] if

. There is a problem in & with R* = 1, K(Nggd) = 1, such that for

- [ExcessRiskrigge] S E[ExcessRiskggg] we must have Nyigge > N2 . /1082 (Nggq)

~ Iwlli Tr(H)

R? := > k(n) := — , a:= K(Nridge)R\/Nridge
min{n,d}

Ridge could be bad &
SGD is nearly alway good @
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Proof Sketch: Bias-Variance Decomposition

Bias-Variance Decomposition in the PSD Matrix Space

1 N—-1 1 N—-1
-[ExcessRisk] < I-I-vyH)?", ) B)+ I-I-yH)", ) C
[ 15 (= y)Z;» ool y)Z;»
SGD lterate = + Variance lterate, i.e., E[(W, — W¥*)(W, — w¥) 1] = B +C, e R dxd

Variance lterate: set initialization to the optimal
C,=(3-y%)-C,_,+7°c°-H
CO — O

Tensor Operators
S=1IQRI B SGD update rule

— P (S — 7)o A = E[(L - yxx AU — yxx")]

M:=FE[xx @xx'] —
T=1IQH+HQI-yI Assumption: M e A < a-Tr(HA) - H



Proof Sketch: Control Variance

A Crude Upper Bound on C,

 easily verifiable
by induction |

i

2 2
Yy O -I(
1 — yaTr(H)

For every t, we have C, <

- C,.).

A Refined Bound on C,

Cf = (S o ycz’) ° Ct—l T },202 - H I — (I — }/H)N < IO:k>l< + }’N ' Hk*:oo
<I-yH)C,_,d-yH) +y°E[xx'C,_;xx' ]+ y*c~ - H

<(I-yH)C,_,I—-yH) + y°E[xx' C_xx'] + y°c* - H
2 2
o

Y
1 —yaTr(H)

H C =

<I-yHC_I-yH)+




Proof Sketch: Control Bias Summations

A Crude Upper Bound on §, : Zt 1 B,

1
For every t, we have S, < — - T~ 1o ((I — yH)"By(I — yH)N).
y
A Refined Bound on §, An Important Lemma
St — (S — }/EZ) 0 St—l + BO < aTr( ) .
<I-yH)S,_ I -yH) + y*M-S,_, +B, _l—ayTH
<A-yH)S,_ I—yH) + M T o (I-yH) B, — yH)") -

ﬂ - T \

solve this recursion
Open Problem: tight bound on B,?



Take Home

Rethinking a problem “dimension™: algorithm matters.

SGD can benign overfit.

SGD has implicit reqularization effect, that nearly dominates the
explicit, ridge regularization effect.

Tail-averaging improves the SGD bias in the head space.
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