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Finite-Sample Analysis of

Learning High-Dimensional Single ReLU Neuron

RelLU Regression

if removed => linear regression

O —

Minimize R(w) = E(ReLUX"w) —y)", w € R’

With n samples (iid): (X{, ¥{), ..., (X,,, ¥,)

dend rit§§
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(Online) GLM-tron [KKSK'11]
W, =W, 1 =1 (ReLU(XtTWt—l) — Yt) Xy
t=1,....n

Notation

OPT :=min R( -)
w* € argmin R( -)

H := Exx', eigenvalues denoted by (4)i>1

Prior Works on Linear Regression

Simplified Bounds of SGD [ZWBGK'21, WZBGK'22]

SGD w.=w_,—n-xX'w_,—y)-x, t=1,..,n

Distribution y = x'w. + 4(0,1), |Iws], <1, x~ 40, H)

D D
Bounds “* < ER(w,) — OPT < —
Neff Neff

Result 1: Well-Specified Case

Distributional Assumptions

1. Well-specified noise y = ReLU(x'w.) + (0, 6°)
2. Hypercontractivity E(v, x)4 < a([E(v, X>2)2

3. Symmetric moments

Ef(x)1[x € A] = Ef(x)1[x € — A]
for f(x) = x®2 or x®*

Risk Bound of GLM-tron
Suppose 17 < 1 / (4atr(H)). Then

ER(w,) —OPT < || | | <1 —% . H) (Wy — W)

D
+ (1 +8NR) -2 —==2
eff
where

SNR := |[w, — W*ll%{ / 6°

N,

€

1
Deff = #{/11 Z N } + ﬂ(%Nesz ) Z /112

s .= n/ log(n)

h<yoNom
Applications
Suppose that 6? < 1, 4; S 1, [[wy — Wi, S 1.
1. If tr(H) < 1, then by choosing 7y = 1 / /N ¢¢, we have

2. If dis finite, then by choosing 17, = 1 / tr(H), we have

® [inear req. bounds port over to RelU reg.
® Point-wise tight, dim-free, ...

o Recover existing bound O(1/4/n)) [KKSK’2011]
® RelU isn’t harder!
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Result 2: Misspecified Case

Distributional Assumptions
1. Well-specified-neise  [E[(y — ReLU(XTW*))zxxT] <o’ H
2. Hypercontractivity

3. Symmetric moments

Risk Bound of GLM-tron
Suppose 17y < 1 / (8atr(H)). Then

ER(w,) < OPT + H (I — % : H) (Wy — w¥)
r=1 H

D
+ (1 +8NR) -2 —==2
eff
Here, D_. and N are as before but

SNR := (OPT + ||w*||§ + llwo — w*[I) / o°
Applications
Suppose that 6® < 1, 4, S 1, [[wg — Wl S 1, [Iwll, S 1.

If d is finite, then by choosing 7y = 1 / tr(H), we have
ER(w,) S OPT +d/ N

e ER(w) < OPT + o(1) bound is believed to be “impossible” [GKK’19] )

e Previously, best known bound O(OPT ++/d/n) [DGKKS’20]
® A dim-free, const. factor approx.

Result 3: GLM-tron vs. SGD

y = ReLU(x'w.) + (0, 6°), lws|l, < 1,

;ti
P{x=¢} =P{x=—¢} ZE

e SGD no better than GLM-tron when noise is well-specified
e SGD suffers constant error if noiseless
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