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• SGD + moderate LR: converges 

along large eigenvalue directions
• GD + moderate/small LR: converge 

along small eigenvalue directions
• The former directional bias 

benefits generalization

Questions
• Small LR, SGD ≈ GD?
• Moderate LR, SGD >> GD?
• GD performs poorly anyhow?

Theorem 1: Consider SGD with batch size 𝑏 and moderate LR, 
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Theorem 2: Consider GD with moderate or small LR,
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Theorem 3: Let Δ 𝑤 be the estimation error and Δ)∗ be the optimal 
estimation error within an 𝛼-level set where the algorithms stop. 
• For SGD with moderate LR, Δ 𝑤$%& < 1 + 𝑜 1 ⋅ Δ)∗

• For GD with moderate/small LR, Δ 𝑤%& > ⁄*! *" − 𝑜 1 ⋅ Δ)∗

Setups
• Test data 𝑥 = 𝜁 ⋅ 𝜉 ∈ ℝ&, where 𝜁 ∈ 0, 1 , 𝜉 ∼ 𝒰(𝑆&+").
• Linear model ℓ 𝑥;𝑤 = 𝑤 − 𝑤∗ ,𝑥𝑥, 𝑤 −𝑤∗
• Training data X = 𝑥", … , 𝑥( , 𝑖. 𝑖. 𝑑., 𝑑 ≫ 𝑛
• Let 𝜆- = 𝑥- #

#, 𝜆" ≥ 𝜆# ≥ ⋯ ≥ 𝜆(
• Let 𝑃 be the projection onto the column space of 𝑋
• Let 𝛾" (𝛾() be the largest (smallest non-zero) eigenvalue of 𝑋𝑋,, and 𝑣"

(𝑣() be the corresponding eigenvector
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3. Verifications


