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Searching optimal hyperparameter

min
w

L(w) + �R(w)

<latexit sha1_base64="NgkEF/pzBUBbtk0dDOe5ZZ6kCGk=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUhTIjgnZXdCPioop9QGcomUzahmYyQ5KxlGH+wY1bP8ONC0XcunHnb/gFptMutPVA4HDOfeW4IaNSmeaXkZmbX1hcyi7nVlbX1jfym1t1GUQCkxoOWCCaLpKEUU5qiipGmqEgyHcZabj985HfuCNC0oDfqmFIHB91Oe1QjJSW2vkD26e8HQ8SeFUc7MNDGNvp0FgQL4E205M8lMAbbbbzBbNkpoCzxJqQQqWMLp3vwmO1nf+0vQBHPuEKMyRlyzJD5cRIKIoZSXJ2JEmIcB91SUtTjnwinThdn8A9rXiwEwj9uIKp+rsjRr6UQ9/VlT5SPTntjcT/vFakOqdOTHkYKcLxeFEnYlAFcBQQ9KggWLGhJggLqm+FuIcEwkrHmNMhWNNfniX1o5J1XCpf6zTOwBhZsAN2QRFY4ARUwAWoghrA4B48gRfwajwYz8ab8T4uzRiTnm3wB8bHD4ocoFU=</latexit>

Main loss RegularizationHyperparameter

wk+1 = wk � ⌘ (rL(w) + �R(w))

<latexit sha1_base64="/BQPh6/OvMQrEs/7E6XsCNoHT0c="></latexit>

GD/SGD

ML/Opt problem

wk ! w⇤
�

<latexit sha1_base64="WqLor5Nc19eHJ3+zI7DqK83WEhc=">AAACCnicbVC7TsMwFHXKq5RXgJHFtEKqGKoEIRW2ChbGItGH1ITIcdzWqvOQ7VBVUWYW/oBvYGEAIVYWVjYEH4ObdoCWI1k6Ouc+fI8bMSqkYXxquYXFpeWV/GphbX1jc0vf3mmKMOaYNHDIQt52kSCMBqQhqWSkHXGCfJeRljs4H/utG8IFDYMrOYqI7aNeQLsUI6kkR98fOgNoyRAOrw+dxMoGJpx4KbSYmuKh1NFLRsXIAOeJOSWlWrH8/VV9v687+oflhTj2SSAxQ0J0TCOSdoK4pJiRtGDFgkQID1CPdBQNkE+EnWSbU3igFA92Q65eIGGm/u5IkC/EyHdVpY9kX8x6Y/E/rxPL7omd0CCKJQnwZFE3ZlCdPs4FepQTLNlIEYQ5VX+FuI84wlKlV1AhmLMnz5PmUcU8rpxeqjTOwAR5sAeKoAxMUAU1cAHqoAEwuAUP4Ak8a3fao/aivU5Kc9q0Zxf8gfb2A2ZJnno=</latexit>

Learning rate/step size



Re-running the optimizer is expensive! L

• A single round of training takes about 3 days.
• Almost a year to try a hundred different hyperparameters.

ResNet-50 + ImageNet + 8 GPUs

Can we obtain adjustable regularization for free?



Iterate averaging => regularization (Neu et al.) 

SGD Path for 
solving min 𝐿 𝑤

Solution for
min 𝐿 𝑤 + 𝜆𝑅 𝑤

Geometric 
averaging

Contour of 𝐿(𝑤)



Iterate averaging protocol

• Require: A stored opt. path
• Input: a hyperparameter 𝜆
• Compute a weighting scheme
• Average the path

• Output: the regularized solution

Iterate averaging is cheap J
But Neu et al.’s result is limited L



Formally, Neu et al. shows

L(w) =
1

n

nX

i=1

kwTx� yk22

<latexit sha1_base64="FAcAPX0VgppeDU5bzVZuBTWV3X4="></latexit>

• Linear regression

• ℓ!-regularization R(w) =
1

2
kwk22

<latexit sha1_base64="f25a0wzOI/NgSEYzE82YR0fnMxg=">AAACBXicbVC7SgNBFJ2NrxhfUQsRLQaDEJuwGwRjIQRtLKOYB2TXZXYymwyZfTAzawibNDb+io2FIrb+gthpY+tnOHkUmnjgwuGce7n3HidkVEhd/9ASM7Nz8wvJxdTS8srqWnp9oyKCiGNSxgELeM1BgjDqk7KkkpFayAnyHEaqTvts4FdvCBc08K9kNySWh5o+dSlGUkl2evcy2zmAJ9B0OcKx0Y/zfWj2OmbPzl/n7XRGz+lDwGlijEmmWPh62/r83i7Z6XezEeDII77EDAlRN/RQWjHikmJG+ikzEiREuI2apK6ojzwirHj4RR/uK6UB3YCr8iUcqr8nYuQJ0fUc1ekh2RKT3kD8z6tH0i1YMfXDSBIfjxa5EYMygINIYINygiXrKoIwp+pWiFtI5SFVcCkVgjH58jSp5HPGYe74QqVxCkZIgh2wB7LAAEegCM5BCZQBBrfgHjyCJ+1Oe9CetZdRa0Ibz2yCP9BefwCil5su</latexit>

• GD/SGD path wk+1 = wk � ⌘rL(w)

<latexit sha1_base64="wYnVpEecl+QCJ/GPzD21/2VLADQ=">AAACC3icbVA9SwNBEN3zM8avqKXNkiBEguFOBLUQgjYWFhGMCeTCMbfZJMvt7R27e4ZwpLex83fYWChi6x+wy79xk1io8cHA470ZZub5MWdK2/bImptfWFxazqxkV9fWNzZzW9u3KkokoTUS8Ug2fFCUM0FrmmlOG7GkEPqc1v3gYuzX76hULBI3ehDTVghdwTqMgDaSl8v3vTQoOUOMz3DfC/ABdqkG7ArwOeCrYn8fe7mCXbYnwLPE+SaFSt4tPY4qg6qX+3TbEUlCKjThoFTTsWPdSkFqRjgdZt1E0RhIAF3aNFRASFUrnfwyxHtGaeNOJE0JjSfqz4kUQqUGoW86Q9A99dcbi/95zUR3TlopE3GiqSDTRZ2EYx3hcTC4zSQlmg8MASKZuRWTHkgg2sSXNSE4f1+eJbeHZeeofHpt0jhHU2TQLsqjInLQMaqgS1RFNUTQPXpCL+jVerCerTfrfdo6Z33P7KBfsD6+AM2Im1o=</latexit>

• Geometric averaging

p1w1 + p2w2 + · · ·+ pkwk

<latexit sha1_base64="FhViANzgI41mA7lEGHD9+SXO/+o=">AAACDXicbZDLSsNAFIYnXmu9RV0qMlgFQShJEdRd0Y3LFuwF2hAmk0k7dDIJMxOlhC7duPFV3AhVxK17dz6DL+E07UJbfzjw8Z9zmDm/FzMqlWV9GXPzC4tLy7mV/Ora+samubVdl1EiMKnhiEWi6SFJGOWkpqhipBkLgkKPkYbXuxr1G7dESBrxG9WPiROiDqcBxUhpyzUPY9eGd7pOYOyWNJU0tbEfKZlZPW31XLNgFa1McBbsCRTKe8Pq9/3+sOKan20/wklIuMIMSdmyrVg5KRKKYkYG+XYiSYxwD3VISyNHIZFOml0zgEfa8WEQCV1cwcz9vZGiUMp+6OnJEKmunO6NzP96rUQF505KeZwowvH4oSBhUEVwFA30qSBYsb4GhAXVf4W4iwTCSgeY1yHY0yfPQr1UtE+LF1WdxiUYKwd2wQE4BjY4A2VwDSqgBjB4AE/gBbwaj8az8Wa8j0fnjMnODvgj4+MHgBqcaw==</latexit>

min
w

L(w) + �R(w)

<latexit sha1_base64="NgkEF/pzBUBbtk0dDOe5ZZ6kCGk=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUhTIjgnZXdCPioop9QGcomUzahmYyQ5KxlGH+wY1bP8ONC0XcunHnb/gFptMutPVA4HDOfeW4IaNSmeaXkZmbX1hcyi7nVlbX1jfym1t1GUQCkxoOWCCaLpKEUU5qiipGmqEgyHcZabj985HfuCNC0oDfqmFIHB91Oe1QjJSW2vkD26e8HQ8SeFUc7MNDGNvp0FgQL4E205M8lMAbbbbzBbNkpoCzxJqQQqWMLp3vwmO1nf+0vQBHPuEKMyRlyzJD5cRIKIoZSXJ2JEmIcB91SUtTjnwinThdn8A9rXiwEwj9uIKp+rsjRr6UQ9/VlT5SPTntjcT/vFakOqdOTHkYKcLxeFEnYlAFcBQQ9KggWLGhJggLqm+FuIcEwkrHmNMhWNNfniX1o5J1XCpf6zTOwBhZsAN2QRFY4ARUwAWoghrA4B48gRfwajwYz8ab8T4uzRiTnm3wB8bHD4ocoFU=</latexit>

pk = (1� p)pk, p =
1

1 + �⌘

<latexit sha1_base64="DN39c4r+tOUEleqYdUsr2NFJXpY="></latexit>

solves



Our contributions: JJJJ

1. regularizers <= generalized ℓ!-regularizer
2. optimizers <= Nesterov’s acceleration
3. objectives <= strongly convex and smooth losses

4. deep neural networks! (Empirically)

Iterate averaging works for more general



1. Generalized ℓ"-regularization

wk+1 = wk � ⌘Q�1rL(w)

<latexit sha1_base64="70MwI2fPbgrJ7PozSD5+vfNk4j4="></latexit>

R(w) =
1

2
w>Qw

<latexit sha1_base64="ws5cJAX3oCOTYhK7CiVfRA+KIzQ=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqpiSloC6EohuXrdgHNLFMppN26CQTZiaWErJy46+4caGIW7/BnX/jtM1CWw9cOJxzL/fe40WMSmVZ38bS8srq2npuI7+5tb2za+7tNyWPBSYNzBkXbQ9JwmhIGooqRtqRICjwGGl5w+uJ33ogQlIe3qlxRNwA9UPqU4yUlrrm0W1xdAovoeMLhBM7TcopHN07ikewDkdds2CVrCngIrEzUgAZal3zy+lxHAckVJghKTu2FSk3QUJRzEiad2JJIoSHqE86moYoINJNpm+k8EQrPehzoStUcKr+nkhQIOU48HRngNRAznsT8T+vEyv/3E1oGMWKhHi2yI8ZVBxOMoE9KghWbKwJwoLqWyEeIB2I0snldQj2/MuLpFku2ZXSRb1SqF5lceTAITgGRWCDM1AFN6AGGgCDR/AMXsGb8WS8GO/Gx6x1ychmDsAfGJ8/tb2XZw==</latexit>

Use a preconditioned GD/SGD path instead!

p1w1 + p2w2 + · · ·+ pkwk

<latexit sha1_base64="FhViANzgI41mA7lEGHD9+SXO/+o=">AAACDXicbZDLSsNAFIYnXmu9RV0qMlgFQShJEdRd0Y3LFuwF2hAmk0k7dDIJMxOlhC7duPFV3AhVxK17dz6DL+E07UJbfzjw8Z9zmDm/FzMqlWV9GXPzC4tLy7mV/Ora+samubVdl1EiMKnhiEWi6SFJGOWkpqhipBkLgkKPkYbXuxr1G7dESBrxG9WPiROiDqcBxUhpyzUPY9eGd7pOYOyWNJU0tbEfKZlZPW31XLNgFa1McBbsCRTKe8Pq9/3+sOKan20/wklIuMIMSdmyrVg5KRKKYkYG+XYiSYxwD3VISyNHIZFOml0zgEfa8WEQCV1cwcz9vZGiUMp+6OnJEKmunO6NzP96rUQF505KeZwowvH4oSBhUEVwFA30qSBYsb4GhAXVf4W4iwTCSgeY1yHY0yfPQr1UtE+LF1WdxiUYKwd2wQE4BjY4A2VwDSqgBjB4AE/gBbwaj8az8Wa8j0fnjMnODvgj4+MHgBqcaw==</latexit>

min
w

L(w) + �R(w)

<latexit sha1_base64="NgkEF/pzBUBbtk0dDOe5ZZ6kCGk=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUhTIjgnZXdCPioop9QGcomUzahmYyQ5KxlGH+wY1bP8ONC0XcunHnb/gFptMutPVA4HDOfeW4IaNSmeaXkZmbX1hcyi7nVlbX1jfym1t1GUQCkxoOWCCaLpKEUU5qiipGmqEgyHcZabj985HfuCNC0oDfqmFIHB91Oe1QjJSW2vkD26e8HQ8SeFUc7MNDGNvp0FgQL4E205M8lMAbbbbzBbNkpoCzxJqQQqWMLp3vwmO1nf+0vQBHPuEKMyRlyzJD5cRIKIoZSXJ2JEmIcB91SUtTjnwinThdn8A9rXiwEwj9uIKp+rsjRr6UQ9/VlT5SPTntjcT/vFakOqdOTHkYKcLxeFEnYlAFcBQQ9KggWLGhJggLqm+FuIcEwkrHmNMhWNNfniX1o5J1XCpf6zTOwBhZsAN2QRFY4ARUwAWoghrA4B48gRfwajwYz8ab8T4uzRiTnm3wB8bHD4ocoFU=</latexit>

solves



2. Nesterov’s acceleration

ℓ!-regularizer

Weighting scheme

pk =
�

⌘

 p
�(↵+ �)�p

⌘↵

1�p
⌘↵

! 
1�

p
�(↵+ �)

1�p
⌘↵

!k�2

<latexit sha1_base64="yLatCiTSFfTLGHuUplgKYJCfPiI="></latexit>

� =
⌘

1 + �⌘

<latexit sha1_base64="elwx7KzOoo7It7FzUN3VsIz+Nio=">AAACGXicbVC7SsRAFJ34dn2tWtoMiiCISyKCWoiihZYKrgqbZbmZ3KzDziRhZiIuIb9h46/YWChip1ZW/oqzWQtfBwYO59zXnCAVXBvXfXcGBoeGR0bHxisTk1PTM9XZuTOdZIphnSUiURcBaBQ8xrrhRuBFqhBkIPA86Bz0/PMrVJon8anpptiU0I55xBkYK7Wqrt8GKYHuUD9SwHIfDRS5t5r75excYVj4ws4LoSi9VnXJrbkl6F/ifZGlvd2Pl+u1rcPjVvXVDxOWSYwNE6B1w3NT08xBGc4EFhU/05gC60AbG5bGIFE383J7QZetEtIoUfbFhpbq944cpNZdGdhKCeZS//Z64n9eIzPRVjPncZoZjFl/UZQJahLai4mGXCEzomsJMMXtrZRdgk3I2DArNgTv95f/krP1mrdR2z6xaeyTPsbIAlkkK8Qjm2SPHJFjUieM3JA78kAenVvn3nlynvulA85Xzzz5AeftE/DjpJU=</latexit>

where

p1w1 + p2w2 + · · ·+ pkwk

<latexit sha1_base64="FhViANzgI41mA7lEGHD9+SXO/+o=">AAACDXicbZDLSsNAFIYnXmu9RV0qMlgFQShJEdRd0Y3LFuwF2hAmk0k7dDIJMxOlhC7duPFV3AhVxK17dz6DL+E07UJbfzjw8Z9zmDm/FzMqlWV9GXPzC4tLy7mV/Ora+samubVdl1EiMKnhiEWi6SFJGOWkpqhipBkLgkKPkYbXuxr1G7dESBrxG9WPiROiDqcBxUhpyzUPY9eGd7pOYOyWNJU0tbEfKZlZPW31XLNgFa1McBbsCRTKe8Pq9/3+sOKan20/wklIuMIMSdmyrVg5KRKKYkYG+XYiSYxwD3VISyNHIZFOml0zgEfa8WEQCV1cwcz9vZGiUMp+6OnJEKmunO6NzP96rUQF505KeZwowvH4oSBhUEVwFA30qSBYsb4GhAXVf4W4iwTCSgeY1yHY0yfPQr1UtE+LF1WdxiUYKwd2wQE4BjY4A2VwDSqgBjB4AE/gBbwaj8az8Wa8j0fnjMnODvgj4+MHgBqcaw==</latexit>

min
w

L(w) + �R(w)

<latexit sha1_base64="NgkEF/pzBUBbtk0dDOe5ZZ6kCGk=">AAACE3icbVDLSgMxFM3UV62vqks3wSJUhTIjgnZXdCPioop9QGcomUzahmYyQ5KxlGH+wY1bP8ONC0XcunHnb/gFptMutPVA4HDOfeW4IaNSmeaXkZmbX1hcyi7nVlbX1jfym1t1GUQCkxoOWCCaLpKEUU5qiipGmqEgyHcZabj985HfuCNC0oDfqmFIHB91Oe1QjJSW2vkD26e8HQ8SeFUc7MNDGNvp0FgQL4E205M8lMAbbbbzBbNkpoCzxJqQQqWMLp3vwmO1nf+0vQBHPuEKMyRlyzJD5cRIKIoZSXJ2JEmIcB91SUtTjnwinThdn8A9rXiwEwj9uIKp+rsjRr6UQ9/VlT5SPTntjcT/vFakOqdOTHkYKcLxeFEnYlAFcBQQ9KggWLGhJggLqm+FuIcEwkrHmNMhWNNfniX1o5J1XCpf6zTOwBhZsAN2QRFY4ARUwAWoghrA4B48gRfwajwYz8ab8T4uzRiTnm3wB8bHD4ocoFU=</latexit>

solves



3. Strongly convex and smooth objectives

Yes! But only approximately…

Geometric weighting scheme  𝑝" = 1 − 𝑝 𝑝"

ŵ� = argminL(w) + �R(w)

<latexit sha1_base64="IfzA4uN8keXbl3f/fG6MZtvDlR8="></latexit>

ℓ!-regularizer

ŵ�1 .
1X

k=1

pkwk . ŵ�2

<latexit sha1_base64="qOGuuv2ak44gDO9X0P8tcbXMlRw="></latexit>



4. Deep neural networks J
Dataset CIFAR-10 CIFAR-100
Model VGG-16 ResNet-18 ResNet-18

Accuracy after

training (%)
92.54
±0.22

94.54
±0.04

75.62
±0.16

Accuracy after

averaging (%)
93.18
±0.06

94.72
±0.04

76.24
±0.05

Time of training ⇠ 4.5h ⇠ 8.3h ⇠ 8.3h
Time of averaging ⇠ 47s ⇠ 56s ⇠ 58s

<latexit sha1_base64="GTX8BMyXCb6APxzhY5d9UfemM7Q="> NMtK2yileVLZHS/nxcKyaSA/cFpwr4Tl7ejrT7D0+/vBxcIv1A1ILKjUhGOlzl0n1J0ER2aPOTXbFCsaYnKJ+/TciBILqjpJ/q5SuGIsXdgLIvNLDXNrOSLBQqmh8A1SYD1Qk77MeJvvPNa9didhMow1lWRUqBdzqAOYPVLYZRElmg+NgEnEDFdIBtgskVmgm1XEMMu+NrrLteLi05oZlDs5lmnhxLPdur350UzsNRidOfAMPAerwAUtsA3eggNwDEhlqfKqslvZq25VSfVTlY+gszNXMU/BjVON/wDz7nh5</latexit>

Iterate averaging is effective and efficient!

A single 
GPU K80



Take Home

Iterate averaging => adjustable regularization for free
• For ℓ!-type regularization
• For SGD/NSGD optimizers
• For quadratic/strongly convex and smooth objectives
• Regularizing deep neural networks

Join our poster session for more details!


