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Part 1 of the tutorial is about 
“Rethinking Optimization”
• Go beyond the “stable regime”

• Gradient descent can often converge faster! 
• Linear convergence   
• Nesterov Accelerated Rates    
• (Sometimes) arbitrarily fast (constant iteration 

complexity)
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Part 2 of the tutorial is about 
“Rethinking Generalization”

• Deep learning models in practice are NOT capacity limited
• “generalization” depends on many factors
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We ask:  how does large stepsize affects generalization in 
overparameterized models?



Let’s say the labels are clean… there 
are many “interpolating” solutions

Question #1: Does GD with Large Stepsize find the 
generalizing solutions or overfitting solutions?  
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Things become even more interesting when the 
labels are noisy. 

Illustration from (Mallinar et al. 2022)

Benign overfitting (Belkin,  Bartlett et al.) :  you may have 0 training loss on noisy 
labels, yet test error / loss à 0

Question #2: What solutions does GD with Large 
Stepsize find when labels are noisy?  
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The implicit bias of “Large Stepsize” 
does not function in isolation.
• Data distribution

• e.g., Low-dimensional structure,  data-augmentation

• Choice of loss functions
• e.g., Square loss, logistic loss

• Model architecture
• e.g., with or without “bias”, “residual connection”, “batch-norm”

• Hyperparameters in training:
• e.g., weight decay,  momentum, adaptive optimizers

Question #3: How does GD with Large Stepsize 
interact with other “forces of nature”?  
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Gradient descent with constant stepsize is 
qualitatively different from gradient flow.  

Cohen, Damian, Talwalkar, Kolter, Lee (2025) “Central Flows”

What does the GD solution look like?
Let’s start with a simple example. 
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The dynamics is complex and chaotic. In: Kong and Tao (2020) 
“Stochasticity of Deterministic Gradient Descent”



Let us train an overparameterized ReLU 
NN on this “curve fitting” problem

Global optimal solution has 0-loss, i.e., 
interpolating.

But does GD find these “interpolating” 
solution?

If so, does GD solution satisfies “Benign 
overfitting”?

30 data points.  Noisy labels.
2-Layer ReLU NN with 1000 neurons.
Minimizing square loss.
No regularization.
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Stepsize = 0.5

9



Stepsize = 0.4
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Stepsize = 0.3
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Stepsize = 0.2
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Stepsize = 0.01
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Observation: By tuning the stepsize, we are 
effectively tuning the number of “linear 
pieces”. GD with larger stepsize learns 
simpler functions.

But how did “sparsity” emerge?

Is this a general phenomenon? 
Did we get lucky?

Can we prove anything about 
this phenomenon rigorously?
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Large stepsize is intimately connected 
flat minima, and low-curvature regions

(Wu et al. 2018,   Mulayoff et al. 2021)
Minima stability theory: 

GD tend to diverge at sharp minima.
The set of points GD can stabilize 
around:

𝑓! 𝜆"#$ ∇%ℒ 𝜃 ≤ 2/𝜂, ∇ℒ 𝜃 = 0

Edge-of-Stability phenomenon
(Cohen et al, 2021; 2025)
Entire GD trajectory stays inside the 
following set

𝑓- 𝜆./0 ∇1ℒ 𝜃 ≲ 2/𝜂
(illustration from “Central Flow” 
Cohen et al, 2025) 15

On ViT

Similar results on ResNet, 
and text models LSTM, 
Transformers



Flat minima and flat points (low-
curvature regions)

low-curvature regions
{	𝑓! 	|	 𝑺(𝜽) ≤ 𝐶} 

flat minima
𝑓! 	 𝑺(𝜽) ≤ 𝐶, ∇ℒ 𝜃 = 0

Space of all functions representable by 𝑓!

𝑺 𝜽 	≔ 𝜆"#$ ∇%ℒ 𝜃   for Gradient Descent
𝑺 𝜽 	≔ trace ∇%ℒ 𝜃  for Stochastic gradient descent

𝐶 = 2/𝜂 with stepsize = 𝜂
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𝐶 = 𝑂 1/𝜂



Do flat minima generalize better?
Deep learning folklore that flat minima generalize better.

(Hochreiter and Schmidhuber, 1997)

(Huang et al. 2018)

“Exploring generalization in Deep Learning”
Neyshabur et al. 2017

Very flat minima could also overfit.

How do we make sense of these conflicting observations?17



Remainder of this tutorial

1.Flat minima exactly recover weights in Matrix Sensing 
and 2-layer Neural Nets  (Maryam)

2.Does flatness imply generalization in 2-layer ReLU 
Neural Networks?  (Yu-Xiang)

3.Discussion and Open problems. (Both)
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Flat Minima and Generalization:

Case studies in Low-rank Recovery and a 2-Layer Network

Outline of this part:

I Overparameterization, generalization & flatness
I Flatness via trace of Hessian
I Prove “flat minima generalize” in 2-layer test cases, including:

• matrix sensing
• a 2-layer neural net
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Over-parameterization and some consequences

Recall: deep learning seeks overparameterized models

min
◊œRd

L(◊) := 1
n

nÿ

i=1

¸(yi, f◊(xi))

where
#parameters¸ ˚˙ ˝

d

∫ #samples¸ ˚˙ ˝
n

Evidence of double descent phenomena (or benign overfitting) in practice and
in simple theory models

(Belkin, Hsu, Ma, Mandal ’18)20
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Overparameterization =∆ many zero-loss solutions

Question: Why do some zero-loss (interpolating) solutions generalize, and
others do not?

Value of training loss is not enough; other properties that predict good
generalization?

1. explicit or implicit regularization (training algorithm)

2. flatness (loss function + architecture, ¸ and f◊) æ this part

algorithm-agnostic, focus on loss landscape L(◊)



Empirical evidence favoring flatness

(Huang, Emam, Goldblum, Fowl, Terry, Huang, Goldstein ’2020)

As seen earlier: Binary classification, with swiss-roll data:

I Classification boundaries (top), training loss landscapes (bottom), 6-layer
network: left generalizes well (& more robust), right has perfect train accuracy
but bad generalization 22



Can we prove flat minimizers generalize?

For many over-parametrized low-rank matrix recovery problems: Yes!
I matrix recovery/sensing
I matrix completion (approximate recovery)
I phase retrieval
I bilinear matrix sensing
I robust PCA
I one-hidden-layer NN with quadratic activation

Flat minima exactly recover the ground-truth generative model under standard
statistical assumptions, i.e., they generalize (in a strong sense)

Ref: L. Ding, D. Drusvyatskiy, M. Fazel, Z. Harchaoui, IMA Journal on Information
and Inference, 2024.
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“Matrix sensing” problem

Problem: recover matrix M˘ œ Rd◊d from bi = ÈAi, M˘Í = Tr, where

A(X) = (ÈA1, XÍ, ÈA2, XÍ, . . . , ÈAm, XÍ)

and r˘ := rank(M˘) π d.

Classical approach: (Fazel et al. 01, ’02, Recht-Fazel-Parrilo ’10)

min
XœRd◊d

ÎXÎú¸ ˚˙ ˝
complexity

subject to A(X) = b

I Explicit nuclear norm regularization: well-understood by now
I Possible to pick low-complexity solutions without this regularizer and just
via ’flatness’?
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Case study in nonconvex matrix sensing

Problem: recover matrix M˘ œ Rd◊d from b = A(M˘), where

A(X) = (ÈA1, XÍ, ÈA2, XÍ, . . . , ÈAm, XÍ)

and r˘ := rank(M˘) π d.

Rewrite as over-parametrized low-rank matrix recovery:
Let X = LRT ,

min
L,R œ Rd◊k

L(L, R) = ÎA(LR€) ≠ bÎ2
2

where b = A(M˘) and
k ∫ rank(M˘) := r˘

‘Learning’ interpretation: A two-layer linear network

(L, R) are the model parameters (layer weights)
Ai, bi are the data
M˘ captures the generative model (teacher network)

I a prototype for nonconvex learning (Gunasekar et al, ’17, Du et al. ’18, Li et
al. ’18, Tian and Du ’18)



Flatness measure

(Zero-loss) solution set: S = {(L, R) : A(LR€) = b}

Second-order expansion around (L, R) œ S:

L(L + U, R + V ) ¥ 1
2 D2L(L, R)[U, V ]

Flatness measure: tr(D2L(L, R))
An average measure of curvature:

tr(D2L(L, R)) = c · E
U,V ≥N (0,I)

L(L + U, R + V )

Flat (flattest) solutions are the argmin of:

min
L,RœRd◊k

tr(D2L(L, R))¸ ˚˙ ˝
quadratic

subject to A(LR€)¸ ˚˙ ˝
quadratic

= b
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Warm-up: A = I

min
L,R œ Rd◊k

L(L, R) = ÎLR€ ≠ M˘Î2
F

Second-order expansion around (L, R) œ S:

D2L(L, R)[U, V ] = 4ÈLR€ ≠ M˘¸ ˚˙ ˝
=0

, UV €Í + 2ÎLV € + URÎ2
F

Figure: l(x, y) = (xy ≠ 1)2
. (1,1), (-1,-1) are flat solutions.

(we prove when A = I, flat is equivalent to “norm minimal” and “balanced”)27
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Back to A ”= I

Goal: (Exact recovery)
Show that under standard statistical assumptions (on measurement map A,
i.e., randomness of data Ai) flat solutions (L, R) œ S satisfy LR€ = M˘.

Strategy: Show that M˘ is the unique solution of the following convex
relaxation of flatness maximization:

min
XœRd◊d

ÎD1XD2Îú subject to A(X) = b

where D1 and D2 are data-dependent weights, hence both objective and
constraints are data-dependent.



Matrix sensing

Random data/measurements:

A(X) = (tr(A1X), tr(A2X), . . . , tr(AmX))

I Gaussian ensemble: Ai are i.i.d standard Gaussian (also holds for many more
cases via matrix Restricted Isometry Property) (Recht-Fazel-Parrilo ’10)

Theorem (Matrix sensing)
When m & r˘d, with probability at least 1 ≠ e≠�(m), any flat solution (Lf , Rf )
satisfies

Lf R€
f = M˘.

Moreover, for any ” > 0 w.h.p. we have

ÎLf Î2
F + ÎRf Î2

F Æ (1 + ”)ÎM˘Îú [Norm-minimal]
ÎL€

f Lf ≠ R€
f Rf Îú Æ ”ÎM˘Îú [Balanced]

I matches sample complexity for nuclear norm minimization (though not the
same solution)
I result extends to noisy labels (recovery up to noise level) 29



Case study: Single hidden-layer NN (quadratic activation)

Problem: (Li-Ma-Zhang ’18, Soltanolkotabi et al. ’18)
Given data x œ Rd, output y(x) is given by the “teacher” network

y(U˘, x) = v€q(U€
˘ x)

• U˘ is d ◊ r˘; v œ Rr˘ has r1 positive and r2 negative entries
• q(s) = s2 applied coordinate-wise

Prediction ŷ of the “student” NN on x can be expressed as

ŷ(U, x) = u€q(U€x)

with a fixed u, so problem simplifies to seeking U .
Overparameterized problem:

min
UœRd◊k

L(U) := 1
n

nÿ

i=1

(ŷ(U, xi) ≠ yi)2

Flatness: Uf œ S is flat if it solves the problem

min
UœS

tr(D2L(U)).
30



Exact recovery

Lemma (Reduction to matrix sensing): We can reformulate the loss as

L([U1, U2]) = 1
n

ÎA(U1U€
1 ≠ U2U€

2 ≠ M˘)Î2
2,

where Ai = xix
€
i and M˘ = U˘diag(v)U€

˘ .

Theorem (Exact recovery)
When m & r˘d, with probability at least 1 ≠ e≠�(d), any flat solution Uf

recovers the teacher model U˘.
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Summary & take-away

I For a family of overparameterized nonconvex problems, flat minima do
generalize!
I Relation to other properties: norm minimality (“weight decay”), balancedness
I Ideas from compressed sensing, low-rank recovery are useful

I Some implications:

• regularization: (approximate) Hessian trace can serve as a good regularizer

• algorithmic: a theoretical basis for methods that bias iterates towards flat

solutions
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Remainder of this tutorial

1.Flat minima exactly recover weights in Matrix Sensing 
and 2-layer Neural Nets  (Maryam)

2.Does flatness imply generalization in 2-layer ReLU 
Neural Networks?  (Yu-Xiang)

3.Discussion and Open problems. (Yu-Xiang and 
Maryam)
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So far, we considered “exact 
recovery” and “stable recovery”  
by flat minima.  
• Can we weaken the data assumptions? 

• No assumption on the labeling function

• What can we say about other points GD discovers?
• No interpolation. Not even local minima, e.g.,  early 

stopping.

• Can we obtain results for more realistic neural 
networks? 
• ReLU activation?  Training all weights.
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Problem setup: statistical theory of ML

• Data

• A family of models  parameter space

• Each element    

• Loss function

• Training:    try to minimize the loss on training 
data

(x1, y1), ..., (xn, yn) 2 X ⇥ Y
<latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit>

<latexit sha1_base64="l4KXz9TDc+W01y3ZQzr64f1+GCE=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx68RghL0iWMDvpTcbMziwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1hwpk2nvftrKyurW9sFraK2zu7e/ulg8Omlqmi2KCSS9UOiUbOBDYMMxzbiUIShxxb4ehu6reeUGkmRd2MEwxiMhAsYpQYKzW79SEa0iuVvYo3g7tM/JyUIUetV/rq9iVNYxSGcqJ1x/cSE2REGUY5TordVGNC6IgMsGOpIDHqIJtdO3FPrdJ3I6lsCePO1N8TGYm1Hseh7YyJGepFbyr+53VSE90EGRNJalDQ+aIo5a6R7vR1t88UUsPHlhCqmL3VpUOiCDU2oKINwV98eZk0zyv+VeXy4aJcvc3jKMAxnMAZ+HANVbiHGjSAwiM8wyu8OdJ5cd6dj3nripPPHMEfOJ8/djePEg==</latexit>

!<latexit sha1_base64="U5NgBVzIfpRXf++zdbcOGRje1VE=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPia1kUxGUF+4DpUDJppg3NJENyRyhDP8ONC0Xc+jXu/Bsz7Sy09UDgcM695NwTJoIbcN1vp7Syura+Ud6sbG3v7O5V9w/aRqWashZVQuluSAwTXLIWcBCsm2hG4lCwTji+zf3OE9OGK/kIk4QFMRlKHnFKwEp+LyYwokRkd9N+tebW3RnwMvEKUkMFmv3qV2+gaBozCVQQY3zPTSDIiAZOBZtWeqlhCaFjMmS+pZLEzATZLPIUn1hlgCOl7ZOAZ+rvjYzExkzi0E7mEc2il4v/eX4K0XWQcZmkwCSdfxSlAoPC+f14wDWjICaWEKq5zYrpiGhCwbZUsSV4iycvk/ZZ3busXzyc1xo3RR1ldISO0Sny0BVqoHvURC1EkULP6BW9OeC8OO/Ox3y05BQ7h+gPnM8feyeRZg==</latexit>F
<latexit sha1_base64="ln9nmGopmcOtLg8tSNHB/8fSTlQ=">AAACFnicbVDJSgNBEO2JW4xb1KOXxiB4McyIG56CXjxGMItkQqjp9CRNeha6a5Qw5Cu8+CtePCjiVbz5N3YWUBMfFDzeq6KqnhdLodG2v6zM3PzC4lJ2Obeyura+kd/cquooUYxXWCQjVfdAcylCXkGBktdjxSHwJK95vcuhX7vjSosovMF+zJsBdELhCwZopFb+wG+52OUI59QNALsMZFofUFeJThdBqej+R78dtPIFu2iPQGeJMyEFMkG5lf902xFLAh4ik6B1w7FjbKagUDDJBzk30TwG1oMObxgaQsB1Mx29NaB7RmlTP1KmQqQj9fdECoHW/cAzncMT9bQ3FP/zGgn6Z81UhHGCPGTjRX4iKUZ0mBFtC8UZyr4hwJQwt1LWBQUMTZI5E4Iz/fIsqR4WnZPi8fVRoXQxiSNLdsgu2ScOOSUlckXKpEIYeSBP5IW8Wo/Ws/VmvY9bM9ZkZpv8gfXxDRP7n/o=</latexit>

fω : X → Y
<latexit sha1_base64="2ZEtcVPHtyb+7bS6JS7b1wlt1q4="></latexit>
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How do we measure generalization?

• Loss function ℓ 

• Train loss (empirical risk): !
"
∑# ℓ 𝑡𝑟𝑎𝑖𝑛_𝑑𝑎𝑡𝑎# , 𝑓

• Test loss  (aka risk): 𝔼$%&%~	) ℓ 𝑑𝑎𝑡𝑎, 𝑓

• Generalization Gap =  | Training Loss -  Test Loss|  
• Useful when we do not make strong assumptions about 

the data.
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In the case of the square loss, in the 
non-parametric regression setting
• If 

• Then:

𝒚𝒊 = 𝒇𝟎 𝒙𝒊 +𝑵(𝟎, 𝝈𝟐)

= 𝔼 𝑓 𝑥 − 𝑦 ! − 𝔼 𝑓" 𝑥 − 𝑦 !

≤ 𝑇𝑟𝑎𝑖𝑛𝐿𝑜𝑠𝑠 𝑓 	− 𝜎! + 𝐺𝑒𝑛. 𝐺𝑎𝑝(𝑓)

MSE 𝑓 ≔ 	𝔼 𝑓 𝑥 − 𝑓" 𝑥
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Figure 4: An example with n = 128 observations drawn from a model where the underlying function
has variable spatial smoothness, as shown in the top left panel. The cubic trend filtering estimate with
19 degrees of freedom, shown in the top right panel, picks up the appropriate level of smoothness at
di↵erent spatial locations: smooth at the left side of the domain, and wiggly at the right side. When
also allowed 19 degrees of freedom, the cubic smoothing spline estimate in the bottom left panel
grossly underestimates the signal on the right side of the domain. The bottom right panel shows the
smooth spline estimate with 30 degrees of freedom, tuned so that it displays the appropriate level of
adaptivity on the right side; but now, it is overly adaptive on the left side.
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• ReLU activation 

• Square loss

• Let’s train with gradient descent with no regularization.

fact, it was a pleasant surprise to us that both weight decay and large learning rate induce total
variation-like implicit regularization in the function space.

2 Notations and Problem Setup

Let us set up the problem formally. Throughout the paper, we use O(·),!(·) to absorb constants
while Õ(·) suppresses logarithmic factors. Meanwhile, [n] = {1, 2, · · · , n}.

Two-layer neural network. We consider two-layer (i.e. one-hidden-layer) univariate ReLU
networks,

F =

{
f : R → R

∣∣∣∣ f(x) =
k∑

i=1

w(2)
i ω

(
w(1)
i x+ b(1)i

)
+ b(2)

}
, (1)

where the network consists of k hidden neurons and ω(·) denotes the ReLU activation function.

Training data and loss function. The training dataset is denoted by D = {(xi, yi) ↑ R↓R, i ↑ [n]}.
{xi}ni=1 is assumed to be supported by [↔xmax, xmax] for some constant xmax > 0. We focus on
regression problems with square loss ε(f, (x, y)) = 1

2(f(x) ↔ y)2. The training loss is defined as
L(f) = 1

2n

∑n
i=1 (f(xi)↔ yi)

2. Notice that f is parameterized by ϑ := [w(1)
1:k, b

(1)
1:k, w

(2)
1:k, b

(2)] ↑ R3k+1.
As a short hand, we define εi(ϑ) := ε(fω, (xi, yi)) and L(ϑ) := 1

n

∑
i→[n] εi(ϑ).

Gradient descent. We focus on the Gradient descent (GD) learner, which iteratively updates
ϑ:

ϑt+1 = ϑt ↔ ϖ↗L(ϑt), t ↘ 0, (2)

where ϖ > 0 is the step size (a.k.a. learning rate) and ϑ0 is the initial parameter. Detailed calculation
of gradient for two-layer ReLU networks is deferred to Appendix D. Below we define stability for
local minima and discuss the conditions for a minimum to be stable.

Twice di!erentiable stable local minima. Similar to Mulayo! et al. [2021], we consider twice
di!erentiable minima. According to Taylor’s expansion around a twice di!erentiable minimum
ϑε,

L(ϑ) ≃ L(ϑε) + (ϑ ↔ ϑε)T↗L(ϑε) + 1

2
(ϑ ↔ ϑε)T↗2L(ϑε)(ϑ ↔ ϑε), (3)

where ↗2L denotes the Hessian matrix and ↗L(ϑε) = 0. Therefore, as ϑt gets close to ϑε, the
update rule for GD (2) can be approximated as ϑt+1 ≃ ϑt ↔ ϖ

(
↗L(ϑε) +↗2L(ϑε)(ϑt ↔ ϑε)

)
. Such

approximation motivates the definition of linear stability, which is first stated in Wu et al. [2018].

Definition 2.1 (Linear stability). With the update rule ϑt+1 = ϑt↔ ϖ
(
↗L(ϑε) +↗2L(ϑε)(ϑt ↔ ϑε)

)
,

a twice di!erentiable local minimum ϑε of L is said to be ϱ linearly stable if for any ϑ0 in the ϱ-ball
Bϑ(ϑε), it holds that lim supt↑↓ ⇐ϑt ↔ ϑε⇐ ⇒ ϱ.

Note that di!erent from previous works [Wu et al., 2018, Mulayo! et al., 2021], we remove the
expectation before ⇐ϑt ↔ ϑε⇐ since under GD everything is deterministic. Intuitively speaking, linear
stability requires that once we have arrived at a distance of ϱ from ϑε, we end up staying in the
ϱ-ball Bϑ(ϑε). It is known that linear stability is connected to the flatness of the local minima.

Lemma 2.2. Consider the update rule in Definition 2.1, for any ϱ > 0, a local minimum ϑε is an ϱ
linearly stable minimum of L if and only if ςmax(↗2L(ϑε)) ⇒ 2

ϖ .
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L(ω) = 1

2n

n∑

i=1

(fω(xi)→ yi)
2

Stepsize  (aka learning rate) parameter
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Recall that GD finds points in low-
curvature region:

Type	equation	here.

low-curvature regions
{	𝑓! 	|𝜆"#$ ∇%ℒ 𝜃 ≤ 2/𝜂} 

flat minima

Space of all functions representable by 𝑓!
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We will study the generalization of the whole class via Uniform Convergence.
Note:  The set is data-dependent,  since 𝓛  depends on training data.



Our plan is to focus on the 
following work.
• Univariate-input + Square loss

• Qiao, Zhang, Singh, Soudry, Wang. (2024) Stable Minima Cannot Overfit in 
Univariate ReLU Networks: Generalization by Large Step Sizes: 
https://arxiv.org/abs/2406.06838

• (If time permit) more general cases
• Logistic loss:   (Qiao et al. 2025)
• High-dimension:  (Liang et al. 2025a)
• Adaptation and data-geometry:  (Liang et al. 2025b)

40

https://arxiv.org/abs/2406.06838


What does  class look like? A Weighted 
TV1 class. 

Mulayoff, Rotem, Tomer Michaeli, and Daniel Soudry. "The implicit bias of minima stability: A view 
from function space." NeurIPS’2021
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C = 2/ω + Õ(1)

Qiao et al. (2024) Stable Minima Cannot Overfit in Univariate ReLU Networks: 
Generalization by Large Step Sizes.  NeurIPS’2024 

<latexit sha1_base64="6BNMBUhPqsxPIpLp02XYKr8d0J0="></latexit>{
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∫

|f
→→
(x)|g(x)dx → C

}
=: TV(1)

g (C)



Flatness of Loss (in parameter space) implies 
a TV-type constraint (in function space)

• Tune learning rate => select smoothness of f
• Smoothness of f =>  Generalization bounds

Theorem (Qiao, Zhang, Singh, Soudry and W., 2024): Let 𝑓 be any function 
represented by a ReLU activated two-layer NN  𝑓!. Let ℒ 𝜃  be the square (training) loss. 

Assume data is coming from 𝒚𝒊 = 𝒇𝟎 𝒙𝒊 + 𝒏𝒐𝒊𝒔𝒆, then w.h.p.

42



The weighting function g(x) depends 
only on the distribution of x.

43

The implicit regularization is stronger in the interior of the data distribution…
Nearly no regularization towards the boundaries.



Interpolating solutions must have high 
curvature (must be sharp)

• Theorem from the previous slide

• We prove that for any interpolating solution (noise 
level):

• Implies that stepsize 𝜂	needs to be extremely small 
O !

*!+
 for GD to stably converge to  interpolating 

solutions.
44



It tells us something new about the
energy landscape of overparameterized
NN training on noisy problems

𝑓!

Training with GD automatically avoids these sharp and 
overfitting solutions

45



Edge-of-Stability appears to hold. 
2/η very precisely predicts the sharpness, 
and gives a classical U-shape risk curve.

46



Generalization bounds that stem from 
these function space characterization

Theorem (informal): We proved that in the strict 
interior of the data support:

1. Agnostic case:  generalization gap = O(n^{-2/5}) 
2. In the non-parametric regression setting, if training 

loss smaller than 𝜎1 then w.h.p., get an MSE

* near minimax optimal (for estimating TV1-functions).  

47

NN with optimally 
tuned stepsize

Kernel ridge regression
(any RKHS)

MSE 𝑂(𝑛Z[/\) Ω(𝑛Z]/[)



Large-stepsize generalizes better due to 
extensive “Feature learning”: only a few 
neurons are active!

48



Checkpoint: 

• In simple “curve fitting” problem, 
two-layer ReLU NN does not overfit if 
trained with GD (regardless how 
overparameterized it is)

• Tuning learning rate choice is 
connected to an L1-type smoothness 
that we can quantify.

• Provably stronger than NTK.  New 
insight into representation learning.

49

Qiao et al. (2024) Stable Minima Cannot Overfit in Univariate ReLU 
Networks: Generalization by Large Step Sizes: 
https://arxiv.org/abs/2406.06838

https://arxiv.org/abs/2406.06838


Extension of the theory

50

Qiao and W. (2025) Does Flatness imply Generalization for Logistic Loss in 
Univariate Two-Layer ReLU Network?: https://arxiv.org/abs/2512.01473 

Liang,  Qiao, W. and Parhi (2025) Stable Minima of ReLU Neural Networks 
Suffer from the Curse of Dimensionality: The Neural Shattering Phenomenon:  
https://arxiv.org/abs/2506.20779 
(NeurIPS 2025 Spotlight)

Liang, Cloninger, Parhi and W. (2025) Generalization Below the Edge of 
Stability: The Role of Data Geometry:  https://arxiv.org/abs/2506.20779 

{	𝑓! 	|𝜆"#$ ∇%ℒ 𝜃 ≤ 2/𝜂}  insufficient for generalization.
{	𝑓! 	|𝜆"#$ ∇%ℒ 𝜃 ≤ %

(
, 𝜽 = 𝒐 𝒏 }  works.

https://arxiv.org/abs/2512.01473
https://arxiv.org/abs/2506.20779
https://arxiv.org/abs/2506.20779


Does Flatness imply Generalization 
for Logistic Loss in Univariate Two-
Layer ReLU Network?
• Empirically, kinda yes.    
• Data: y ~ Bernoulli( Sigmoid(f0(x))
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But we can no longer talk about the set of all 
flat solutions.
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But the weighting function g now depends on f! 

Qiao and W.  (2025) “Does Flatness imply Generalization for Logistic Loss in Univariate Two-Layer ReLU Network?” New manuscript. 



The weighting function now depends 
on the uncertainty region of the current 
NN configuration.
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What’s worse, we can 
construct a solution that is

1. interpolating  

2. arbitrarily flat loss

“flat” when  simple and generalizing

But also “flat” if you are confidently 
interpolating training data. 

{	𝑓-	|𝜆./0 ∇1ℒ 𝜃 ≤ 2/𝜂}  insufficient for generalization.



Why does it still generalize in the non-
parametric classification setting?
• Assumption: y ~ Bernoulli( Sigmoid(f0(x))

• f0 is bounded.

53

Weak-generalization 
by weight decay

Strong (near-optimal) 
generalization by 

large-stepsize

(Informal)  Claim:  within the convex hull of the 
uncertain region of f0, near optimal excess risk for an 
“optimized” 𝑓 ∈ {	𝑓# 	|𝜆$%& ∇!ℒ 𝜃 ≤ !

'
, 𝜽 = 𝒐 𝒏 } 

Qiao and W. (2025) Does Flatness imply Generalization for Logistic Loss in Univariate Two-Layer ReLU 
Network?



How about the multivariate case? It 
works, but suffers from the curse of 
dimensionality. 
• Lower bound reveals a Neural Shattering Phenomenon:  

It’s very easy for each neuron to single out one data point 
at boundary.

54

Liang, T., Qiao, D., Wang, Y. X., & Parhi, R. (2025). Stable Minima of ReLU Neural Networks Suffer from the Curse of 
Dimensionality: The Neural Shattering Phenomenon. NeurIPS’25.



Neural Shattering does not happen if 
there is weight decay or if we 
remove  “bias” parameter from MLP

55

Percentage of training data where a neuron is active

Weights |𝑤"
# 𝑤"

$ |



What happens if the input data is 
secretly low-dimensional (embedded 
in a high-dim ambient space) 

• Assumption: data comes 
from a union of low-dim 
subspaces

56

Liang et al (2025) Generalization Below the Edge of Stability: The Role of Data Geometry. 
https://arxiv.org/abs/2510.18120  

https://arxiv.org/abs/2510.18120


The shape of data distribution matters 
in flatness induced generalization

Liang et al (2025) Generalization Below the Edge of Stability: The Role of Data Geometry. 
https://arxiv.org/abs/2510.18120  

Cannot generalize at all Generalize but suffer from
Curse-of-Dimensionality

57

https://arxiv.org/abs/2510.18120


Mixup:  a prominent approach for 
data augmentation.

Our theory explains “mixup" quite well.  But can we do better?



Checkpoint:  provable generalization 
bounds for low-curvature points, but..
• Trickier in high-dimension and beyond square 

loss.

• Known fixes:  Data-augmentation,   Weight 
Decay,  Architecture tweaks.

• Many interesting theoretical / empirical 
directions to explore.
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Remainder of this tutorial

1.Flat minima exactly recover weights in Matrix Sensing 
and 2-layer Neural Nets  (Maryam)

2.Does flatness imply generalization in 2-layer ReLU 
Neural Networks?  (Yu-Xiang)

3.Discussion and Open problems. (Both)

60



Flat minima / regions in Multi-layer 
Neural networks appears to behave 
qualitatively different.
• For two-layers networks: 

• Mostly similar to weight decay, give L1-type sparsity 
(or low nuclear norm)

• For L-layer diagonal linear networks 
• As L à large,   weight decay =>  ||. ||_2/L norm. 

(sparser! )

• But flat minima => ||. ||_{2 − 1
^
}	norm (denser!)

61

(Lemma 9.2, Ding et al., 2024)



What do we know and what’s open?

62

• L-layer linear (non-diagonal) neural networks 
(Gatmiry et al, NeurIPS’22). 
similar to when L=2, i.e., nuclear-norm.

• What happens with nonlinear activations?

• In between diagonal vs fully-connected 
weights?
- Convolutional layers?
- Block-diagonal weights?



Interaction with architecture 
choices.
• BERT models have biases

• GPT models do not use biases

• Provably better generalization when there is no 
bias?   
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The modality of representation 
learning is quite interesting 
• It’s pushing neurons 

out of data support.

• “Dead” neurons will 
never recover.

• They may be active 
on OOD data. 

• Culprits of non-
robustness

64

How can we characterize the dynamics? 



Thank you for your attention!

65

References and other materials on the website:
https://uuujf.github.io/instability/ 

https://uuujf.github.io/instability/


Supplementary slides
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What about depth?

Overparameterized sparse recovery:

min
v1,...,vkœRd

f(v) := 1
m

ÎA(v1 § · · · § vk¸ ˚˙ ˝
x

) ≠ bÎ2
2,

where b = A(x˘) and we seek x that’s r˘-sparse.

Flat (v1, . . . , vk) are those solving:

min
viœRd,i=1,...,k

tr(D2f(v1, . . . , vk)) s.t. A(v1 § · · · § vk) = b.

Lemma: For Gaussian A, any flat solution (v1, . . . , vk) yields a minimizer
x = v1 § · · · § vk of the problem:

min
xœRd

dÿ

i=1

|Dii||xi|2≠ 2
k s.t. Ax = b.

Conclusion: Exact recovery for k = 2 and poor recovery as k æ Œ.
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Figure: The e�ect of depth for di�erent choice of sparsity r˘

I (Gatmiry et al. Neurips’23) showed approximate recovery bounds for k-layer
but non-diagnonal linear network

I Theoretical explanation is still open for k > 2 for networks with nonlinear
activation
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